Distribution-free (nonparametric) control charts provide a robust alternative to a data analyst when there is lack of knowledge about the underlying distribution. A two-sided nonparametric Phase II exponentially weighted moving average (EWMA) control chart, based on the exceedance statistics (EWMA-EX), is proposed for detecting a shift in the location parameter of a continuous distribution. The nonparametric EWMA chart combines the advantages of a nonparametric control chart (known and robust in-control performance) with the better shift detection properties of an EWMA chart. Guidance and recommendations are provided for practical implementation of the chart along with illustrative examples. A performance comparison is made with the traditional (normal theory) EWMA chart for subgroup averages and a recently proposed nonparametric EWMA chart based on the Wilcoxon-MannWhitney statistics. A summary and some concluding remarks are given.
Introduction
The exponentially weighted moving average (EWMA) control charts have enjoyed widespread popularity in practice with data analysts. These charts are similar to the cumulative sum (CUSUM) charts in the sense that they both use accumulated data up until the most recent time point in order to detect process shifts. These sequential charts are particularly effective in d e t e c t i n g r e l a t i v e l y s m a l l a n d p e r s i s t e n t c h a n g e s ( s t e p s h i f t s ) i n t h e p r o c e s s ( s e e e . g .
Montgomery, 2009 pages 400 and 419). However, the EWMA charts are preferred by some in the industry. They are easier to implement and as Steiner and Jones (2010) put it, "The main advantage of an EWMA is that it provides an ongoing local estimate of the average score…Another minor advantage is the inherent two-sided nature of an EWMA." Traditional EWMA charts for subgroup averages were introduced by Roberts (1959) and since then there has been a tremendous amount of work on EWMA charts (see e.g. the overview by Ruggeri et al. (2007) and the references therein). Some newer references include Huwang et al. (2010) , Maravelakis and Castagliola (2009) and Su et al. (2011) . In typical applications of the traditional EWMA charts for subgroup averages it is usually assumed that the underlying process distribution is normal, or, at least, approximately so. However, in certain situations in practice, the normality assumption may not be tenable or justifiable for lack of information or data. Human et al. (2011) recently showed that the traditional EWMA chart can lack in-control (IC) robustness for some non-normal distributions such as the symmetric bi-modal and the contaminated normal distribution. Their observations call into question routine applications of the traditional EWMA chart in practice. It should be noted that although Montgomery (2001) page 433 stated "It (the EWMA) is almost a perfectly nonparametric (distribution-free)
procedure" based on a similar conclusion by Borror et al. (1999) , these statements were made for the case where the process parameters (i.e. process mean and standard deviation) are known or specified and it was seen to be true only for certain values of the smoothing parameter. As noted earlier, Human et al. (2011) showed the parametric EWMA typically used for the known parameter case can be non-robust to the normality assumption. In fact, when the process parameters are unknown and need to be estimated using a reference sample the traditional EWMA chart was shown to be non-robust for a large number of non-normal distributions. Thus development and application of distribution-free (or nonparametric)
EWMA charts seem desirable as they do not depend on a particular distributional assumption and their IC performance is the same for all continuous distributions. For a thorough account of the nonparametric control charts literature see Chakraborti et al. (2001) , Chakraborti and Graham (2007) and Chakraborti et al. (2011) . Graham et al. (2011a,b) recently considered nonparametric EWMA charts based on the sign and the signed-rank test statistics, respectively, f or th e si tuati on wh en th e IC pr ocess m edi an i s speci fi ed or kn own . In m any practi cal situations, the process median may not be known and would have to be estimated using a Phase I reference sample. It is well-known that ignoring the effects of estimation of parameters can be costly as the run-length properties of the chart are greatly impacted which can lead to, for example, many more false alarms than nominally expected. In this paper we consider a nonparametric EWMA chart for monitoring the unknown median using a reference sample.
The proposed chart is an analogue of the EWMA sign chart considered in Graham et al. (2011a) and is based on what are known as precedence or exceedance test statistics.
The precedence test is a nonparametric test based on the number of observations from one of the samples that precede a specified (say the r th ) order statistic of the other sample. The precedence statistic is linearly related to the exceedance statistic, which is the number of observations from one of the samples that exceed the r th order statistic of the other sample, so that precedence and exceedance tests are equivalent. Precedence/exceedance tests have been found to be useful in a number of applications including quality control and reliability studies with lifetime data. The reader is referred to Balakrishnan and Ng (2006) The rest of the article is organized as follows: In Section 2 the nonparametric EWMA-EX chart is introduced. In Section 3 the run-length distribution is studied. In Section 4 we di scuss two data an al y ti c ex am pl es sh owi n g the appl i cati on of th e EW MA -EX ch art i n practice. The IC and out-of-control (OOC) chart performance of the EWMA-EX chart are studied and compared in Section 5 to some existing parametric and nonparametric control charts. We investigate the effect of the reference sample size in Section 6, after which we conclude with a summary in Section 7. Some mathematical results and computational algorithms are juxtaposed in the Appendix.
size from a cdf ( ). et al. (2012) ) the unconditional joint distribution of exceedance statistics is distribution-free and hence the proposed EWMA-EX chart is unconditionally distribution-free.
Constructing the EWMA-EX chart is straight forward. Note that since for a given value of the order statistic ( ) = ( ) , the variable , follows a binomial( , ) distribution, conditionally on ( ) , we can construct a binomial-type EWMA chart using the , 's to monitor the process location. Hence, the plotting statistic of the chart is given by
where the starting value is taken as = , | ( ) = and 0< ≤1 i s t h e smoothing constant. Note that we get the Shewhart-type precedence chart of Chakraborti et al. (2004) when =1.
To calculate the control limits of the proposed chart the IC mean and standard deviation of are necessary. It can be shown that the unconditional IC mean and standard deviation of are given by
respectively, where = /( + 1) (see Appendix A for the derivation of these formulae).
Hence, the proposed nonparametric EWMA-EX chart has a plotting statistic given in (1) with = (1− ) and the exact time varying upper control limit (UCL), lower control limit (LCL) and centreline (CL) of the chart are given by = and / = ± × where the mean and the standard deviation are given in (2).
The corresponding unconditional "steady-state" control limits are given by
These limits are typically used when the EWMA-EX chart has been running for several time periods and are obtained from (2) as →∞ so that 1−(1− ) and 1−(1− ) approach unity, respectively. If any plots on or outside of either of the control limits, the process is declared OOC and a search for assignable causes is started. Otherwise, the process is considered IC and the charting procedure continues. The steady state control limits are used in this paper. Note that λ and L are the two design parameters of the chart which influence the chart's performance. Choice of λ and L is discussed in more detail in Section 3. Note also that the nonparametric EWMA chart looks and operates very much like the traditional EWMA chart for subgroup averages (denoted EWMA-hereafter).
Run-length distribution
The performance of a control chart is studied via its run-length distribution. Brook and Evans (1972) to compute the run-length distribution of an EWMAchart using the theory of a Markov chain. For a detailed discussion on how to implement the homogeneous Markov chain approach for a nonparametric EWMA control chart, see Graham et al. (2009 Graham et al. ( , 2011a Graham et al. ( and 2011b and, more specifically, for implementation of the Markov chain approach for the proposed chart the reader is referred to Appendix B. However, a practical disadvantage of the Markov chain approach is the slow speed, since a large number of states is needed to get accurate answers, and doing so requires inversion of a matrix of large dimension, which can be quite time consuming. Since some of the run-length characteristics (particularly the higher order percentiles) could not be computed accurately within a reasonable amount of time using the Markov chain approach, extensive computer simulation is used to estimate these quantities. The simulation algorithm is described in Appendix C.
Choice of design parameters
The choice of the chart design parameters (λ, L) generally entails two steps: First, one finds the ( , L) combinations that yield the desired in-control ARL (denoted ARL 0 ). This is done using a search algorithm to calculate the ARL 0 for a given m, n, and L. This is followed by plotting L against ARL 0 to find the exact L for a given m, n, and . Second, one needs to choose, among these ( , L) combinations, the one that provides the best performance i.e. the smallest out-of-control ARL (denoted ARL δ ) for the shift ( ) that is to be detected. Note that, the smoothing parameter 0< ≤1 is typically selected first (which depends on the magnitude of the shift to be detected) and then the constant L > 0 is selected (which determines the width of the control limits i.e. the larger the value of L, the wider the control limits and vice versa).
For implementation of the chart the first step is to choose λ. If small shifts (roughly 0.5 standard deviations or less) are of primary concern the typical recommendation is to choose a Tables 1a and 1b shows the ARL 0 followed by the corresponding SDRL 0 in parentheses, whereas the second row In their article on the overview of the nonparametric control charts literature Chakraborti et al. (2011) illustrated and compared two parametric and two nonparametric charts using these data sets. They considered the (i) parametric EWMA-chart, (ii) parametric CUSUM-chart, (iii) nonparametric EWMA chart based on the Wilcoxon rank-sum statistic (denoted EWMA-Rank) and (iv) nonparametric CUSUM chart based on the Wilcoxon ranksum statistic (denoted CUSUM-Rank). For more details on the EWMA-Rank and CUSUMRank charts the reader is referred to Li et al. (2010) . The design parameters were taken so that ≈ 500 for each chart and it was found in Chakraborti et al. (2011) that the parametric EWMA-and CUSUM-charts signalled first at sample number 12, whereas the EWMARank and CUSUM-Rank charts signalled later at sample number 13 (see Figures 3 and 4 of Chakraborti et al. (2011), respectively) . For the proposed EWMA-EX chart we set λ = 0.10 (similar to the λ used in Chakraborti et al. (2011) ) and L = 2.311 so that ≈ 500. The EWMA-EX chart signals at sample number 14 (see Figure 1 ). This is not surprising, as normal theory methods usually outperform nonparametric methods when the normality assumption is satisfied. However, it should be noted that in practice normality can be in doubt or may not be justifiable for lack of information or data and a nonparametric method may be more desirable for the "just in case" scenario. The next example illustrates this type of a situation.
< Insert Figure1>
Example 2 In practice the underlying process distribution is often unknown or other than the normal and this is where the nonparametric charts can be really useful. To illustrate the application of the EWMA-EX chart when the data follow a symmetric yet heavier tailed distribution (than the normal)we use some simulated data from the Laplace (or double exponential) distribution; DE(0,1) which is known to have a median of zero and a standard deviation equal to √2. An IC reference sample of size 100 (m = 100) was generated from this distribution and each data point was scaled so that the transformed observations have a standard deviation of 1. For the reference data we find the median equal to -0.023. Next the Phase II samples, each of size 5 (n = 5), were independently and sequentially generated by transforming the observations from a DE(0,1) distribution so that the resulting observations have a median of /√ (= 0.2236 for = 0.5 and = 5) and a standard deviation of 1.
Consequently, the Phase II samples can be thought of as having been drawn from a process that is OOC in the median.
For the EWMA-EX, EWMA-a n d E W M A -R a n k c h a r t s w e s e t λ = 0.05 and, consequently, the corresponding control limits are found to be (1.991, 3.058), (-0.449, 0.449) and (234.2, 295.8), respectively, so that ≈ 500 for each chart.From panels (a) and (c) in Figure 2 we see that both the EWMA-EX and EWMA-Rank charts signal at sample number 24, respectively. This is not surprising, as the performance of the EWMA-EX and EWMARank charts are very similar for the Laplace distribution (see Table 4 ). Although both charts signal at sample number 24, it should be noted that the EWMA-EX chart signals at both sample numbers 24 and 25, whereas the EWMA-Rank only signals at sample number 24. From Figure 2 we see that although the EWMA-chart has a steep incline, it doesn't signal. This example shows that there are situations in practice where the EWMA-EX chart offers an effective alternative over available parametric and nonparametric control charts.
< Insert Figures 2a, 2b and 2c >

Performance comparison
The IC performance of a chart shows how robust a chart is, with respect to the nominal ARL 0 , whereas the OOC performance needs to be examined to assess the chart's efficacy, which is its effectiveness in detecting a shift. From a practical standpoint, it is also of interest to compare the OOC performance of the proposed EWMA-EX chart with existing competing charts; we compare it to the EWMA-and the EWMA-Rank chart, respectively. For the EWMA-chart the parameters are estimated from a Phase I reference sample, duly taking care of the issues related to estimation.
Our study includes a collection of non-normal distributions and considers heavy-tailed, Its shape is similar to that of a log-normal distribution but with heavier tails. This distribution is used to consider a heavy-tailed right-skewed distribution in our simulations. In the quality literature, Kantam and Rao (2005) considered CUSUM charts for Log-Logistic data.
Because the EWMA-EX chart is nonparametric, the IC run-length distribution and the associated characteristics remain the same for all continuous distributions. In other words, the IC run-length distribution is robust by definition and thus all IC characteristics such as the false alarm rate (FAR) and the ARL would all remain the same for all continuous distributions. A summary of our observations from the OOC comparisons for the standard normal distribution using Table 2 and Figures 3a and 3b is as follows:
Out-of-control chart performance comparisons
· For all shifts under consideration the EWMA-and EWMA-Rank charts perform similarly and both charts outperform the proposed chart. It isn't surprizing that the EWMA-is superior to the proposed chart in this case, since it is typical for parametric methods to outperform their nonparametric counterparts when all assumptions are met.
A summary of our observations from the OOC comparisons for EXP(1) distribution using · For all shifts under consideration the EWMA-chart performs the worst, except for large shifts ( = 1.50, 2.00 and 3.00) where the performance of the three charts are very similar.
· Although the EWMA-Rank chart outperforms the proposed chart for shifts of = 0.50, 0.75 and 1.00, the performances are very similar for shifts of = 0.20 and 0.25 and the proposed chart performs the best for small shifts of < 0.20.
A summary of our observations from the OOC comparisons for DE(0,1), the double exponential distribution, using Table 4 and Figures 5a and 5b is as follows:
· The proposed chart outperforms the EWMA-chart for all shifts under consideration, except for = 0.05 where the performance is very similar and for ≥ 1.50 where the EWMA-performs the best.
· Although the performance for the EWMA-Rank chart and the proposed chart is very similar for shifts of sizes ≤ 0.15 and ≥ 0.75, the proposed chart detects shifts faster for = 0.20, 0.25 and 0.50.
· When comparing the two competing charts, i.e. the EWMA-and the EWMA-Rank, we find that the EWMA-Rank chart outperforms the EWMA-chart for all shifts under consideration, except for = 0.05, 2.00 and 3.00 where the performance is very similar.
A summary of our observations from the OOC comparisons for the Symmetric Mixture Table 5 and
Figures 6a and 6b is as follows:
· The proposed chart outperforms the EWMA-chart for all shifts under consideration, except for = 3.00 where the performance is very similar.
· Although the performance for the EWMA-Rank chart and the proposed chart is very similar for shift of sizes ≥ 0.50, the proposed chart detects shifts faster for smaller shifts.
· When comparing the two competing charts, i.e. the EWMA-and the EWMA-Rank, we find that the latter performs the best for all shifts under consideration, except for large shifts ( = 3.00) where the performance is very similar.
Similar conclusions can be drawn for the two Asymmetric Mixture Normal distributions
(see Tables 6 and 7 and Figs. 7a, 7b, 8a and 8b).
A summary of our observations from the OOC comparisons for the Log-Logistic distribution using Table 8 and Figures 9a and 9b is as follows:
· The run-length characteristics can't be computed for the EWMA-chart based on normal theory methods, since the run-length characteristics don't converge. This is a common result for control charts based on normal theory methods (see, for example, Chakraborti et al. (2004) page 454 where a similar problem is encountered for the uniform distribution when working with the Shewhart-chart).
· Although the performance for the EWMA-Rank chart and the proposed chart is very similar, the EWMA-Rank outperforms the proposed chart for ≥ 0.15 and the opposite is true for < 0.15.
Thus in comparison with the EWMA-chart, when small shifts are of interest, the proposed nonparametric chart is outperformed only when the underlying distribution is normal.
However, the point to remember is that the EWMA-chart can be non-robust in case normality is not satisfied, whereas the nonparametric chart requires no distributional assumption, which is a substantial practical advantage. In comparison with the EWMA-Rank chart, the performance of the two nonparametric charts are either similar or the proposed chart has superior performance. These observations coupled with the fact that the EWMA charts are generally easier to be used on the job floor and they provide one-chart monitoring for twosided (both higher and lower shifts) monitoring make the proposed chart a useful tool for the data analyst.
It may be noted that there is some bias in the ARL (the ARL δ is bigger than the ARL 0 ) of the charts for the exponential distribution when the shift is small. The bias is most prominent for the EWMA-chart but is also slightly present in both the nonparametric charts but to a lesser extent for the proposed chart. This may be due to many extreme long run-lengths observed in the simulation of the ARL, which can be a result of the right-skewness of the exponential distribution coupled with the fact that the run-length distribution is itself highly right-skewed with a long right tail. The bias could also be a result of simulation error because these ARL δ values are very close to the ARL 0 values. Some authors have considered ARLunbiased parametric charts and this would be a topic of further research in the context of nonparametric charts. On the other hand, Steiner and Jones (2010), among others, have recommended examining the median run-length instead "which is easier to simulate and gives arguably a better summary." This might also be an approach to consider.
Effect of reference sample size
The proposed control chart is calibrated to achieve an ARL 0 equal to a target, say 500.
However, this is the unconditional IC average run-length (averaged over all possible IC Phase I samples) and users in practice may be interested in the ARL 0 depending (conditional) on the Phase I sample they have. The attained ARL 0 will vary, since the Phase I sample is a random sample, even though the chart may have been designed for a nominal ARL 0 of 500 and the Phase I sample is from an IC process.
A simulation study was conducted to investigate the effect of the reference sample size on the performance of the proposed chart. The reference sample size ( ) was chosen to be 20, 50, 100, 500 and 1000, respectively. The smoothing constant was taken to be 0.05, i.e. l = 0.05, and L was chosen so that ARL 0 ≈ 500 for each reference sample size. The reference sample size with the smaller ARL δ value is generally preferred. Table 9 shows the IC and OOC performance characteristics of the run-length distribution for shifts of size = 0.00(0.25)1.00, 1.50, 2.00 and 3.00 in the median, for the different reference sample sizes and =5, for the EWMA-EX chart under the N(0,1) distribution. In addition, the results are shown for the nonparametric EWMA chart based on the sign statistic (see Graham et al. (2011a) ), since this is the analogue of the proposed chart if the process parameters were known or specified. The first row of each cell in Table 9 <Insert Table 9> From Table 9 and Figure 10 we find that as it might be expected, the larger the reference sample size, the less the uncertainty and the better the performance of the chart.
Generally, when the reference sample size is not less than 100, the proposed chart performs well, that is it performs like what is expected unconditionally. In addition, the values, when the parameters are unknown, tend to the values if the parameters were known, which is expected, since the uncertainty decreases as the reference sample size increases. Similar conclusions were found for other (skewed and heavy-tailed) distributions; these results were omitted here to conserve space.
<Insert Figure 10> 7.
Concluding remarks
EWMA charts take advantage of the sequentially (time ordered) accumulating nature of the data arising in a typical Statistical Process Control (SPC) environment and are known to be more efficient in detecting smaller shifts. The traditional parametric EWMA-chart can lack in-control robustness and as such the corresponding false alarm rates can be a practical concern. Nonparametric EWMA charts offer an attractive alternative in such situations as they combine the inherent advantages of nonparametric charts (IC robustness) with the better small shift detection capability of EWMA-type charts. We propose a two-sided nonparametric Phase 
The unconditional IC expected value, variance and standard deviation of the plotting statistic:
In the IC case ( ) =1− follows a Beta distribution with parameters and +1− .
. Thus,
when the process is IC, where = /( + 1).
Appendix B. Markov chain approach
Brook and Evans ( which the number of steps before the chain returns to this state is uncertain which means that the chart does not signal and hence the charting procedure continues). So, in total there are ( + 1 = 2 +2) states. Using the above setup, we may summarize the computational algorithm for the unconditional ARL of the proposed chart in three major steps as follows:
Step 1: Obtain the ( +1)×( + 1) transition probability matrix of the Markov chain which is given (in partitioned form) by
where the column vector of order is a sum vector, the row vector is the null vector of order , is the identity matrix of order and the sub-matrix = ( ( ) ) × = for , =− ,− +1,…, − 1, , is referred to as the essential transition probability sub-matrix.
The transition probability, , is the conditional probability that the plotting statistic at time 
Step 2 given by ( | ( ) )= ( − ) where
is the initial transition probability vector with being the probability that starts at state . For the IC case, the 's are calculated assuming the process is IC which yields the conditional IC ARL.
Step 3: The unconditional ARL of is given by averaging the conditional ARL over the probability distribution of ( ) . Thus, the unconditional average run-length is given by * = ( | ( ) )=∫ ( | ( ) ) ( ( ) )= ∫ ( ) , say. In the IC case, this may be approximated by applying numerical integration as in Mukherjee et al. (2012) (1− ) ,
where ranges from − /2 to + /2 in steps of , is a small positive proper fraction, and are such that 0< < < 1, satisfying ( ) ≅0 and ( ) ≅ 0.
The IC conditional mean in the above expression ( | = , IC), can be calculated using the Markov chain formula in (3) in Mukherjee et al. (2012) . Details are omitted here.
Expressions for the conditional and unconditional run-length distributions can be obtained quite similarly using properties and results of Markov chains (see Fu and Lou (2003) ), from which other run-length distribution characteristics such as the standard deviation and the percentiles can be found. Details are omitted for brevity.
Appendix C. Simulation algorithm
Step 1: After specifying the distribution, the IC parameters, the reference sample size, the test sample (subgroup) size, the size of the shift to be detected, the value of and the two design parameters, λ and L (see Tables 1a and 1b) , we generate the reference samples and compute
Step 2: We generate random samples of size n and calculate the number of Y-observations in each test sample that exceeds ( ) .
Step 3: Calculate the , and the plotting statistic (see equation (1)) for each subgroup.
Step 4: Calculate the steady-state control limits using equation (3) and compare to the control limits.
Step 5: The number of subgroups needed until plots on or outside the control limits is recorded as an observation from the run-length distribution.
Step 6: Repeat steps 1 to 5 a total of 100,000 times.
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